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In semi-algebraic geometry examples of open morphisms occur naturally, for example cover- 
ings. This paper emphasizes the investigation of open morphisms of locally semi-algebraic spaces 
from the point of view of real closed spaces. This means that real spectra and algebraic properties 
of rings of sections of locally semi-algebraic spaces play a role. Typical examples for results com- 
ing up in this context are the following: Open morphisms can be characterized in terms of a lifting 
property of specialization chains in real spectra. For morphisms into semi-algebraic paths, open- 
ness and flatness are equivalent conditions. 
Introduction 
In semi-algebraic geometry there are important examples of open morphisms, for 
example coverings (see [13, Section 5; 14, p. 2251). Therefore the class of open mor- 
phisms of locally semi-algebraic spaces deserves attention. In the present paper these 
morphisms will be investigated from the point of view of real closed spaces. As 
shown in [23] and [25], it is possible to develop a theory of ‘real closed spaces’ extend- 
ing semi-algebraic geometry (as developed by Delfs and Knebusch in [ 10 - 141 much 
in the same way as the theory of schemes extends the classical theory of varieties. 
The analogy with schemes provides another reason for looking at open morphisms: 
From the theory of schemes it is known that openness of a morpism (or some related 
conditions) brings some regularity to the behavior of the fibres of the morphism (see 
1161). This raises the question if the same is true for morphisms of real closed spaces. 
A discussion of open morphisms of reaI closed spaces was begun in [26]. 
However, there are good reasons for considering open morphisms in the full sub- 
category of locally semi-algebraic spaces: In the category of locally semi-algebraic 
spaces there are techniques available which we do not have for real closed spaces 
(for example triangulation - see [lo, Chapter 2; 12, Section 2; 14, Chapter II]). This 
leads in some cases to stronger results for locally semi-algebraic spaces, in some 
cases to the same results, but to different (and easier) proofs. An important techni- 
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que in the theory of real closed spaces is to reduce questions about real closed spaces 
to questions about semi-algebraic spaces. To apply such a technique, of course, one 
first needs to prove results about semi-algebraic spaces. Last but not least, the intui- 
tion in this field comes to a large degree from the geometric theory of locally semi- 
algebraic spaces. 
Semi-algebraic geometry as done by Delfs and Knebusch is almost entirely a 
geometric theory. Considering semi-algebraic spaces as real closed spaces leads to 
a more algebraic point of view. For example, one asks for algebraic descriptions of 
topological properties of spaces and morphisms. Several examples of such descrip- 
tions appear in this paper. 
In Section 1, open morphisms of locally semi-algebraic spaces are characterized 
in terms of a path lifting property (Theorem 3). An immediate consequence of this 
is that openness and universal openness are equivalent in this category. These results 
give particular importance to locally semi-algebraic mappings into curves. The main 
result of Section 2 is that flatness and openness are equivalent for such morphisms 
(Theorem 6). In Section 3 it is shown that the same is true in the presence of certain 
finiteness conditions without restriction on the dimension of the range (Theorem 
13). In Section 4 the discussion of local isomorphisms is begun. Local isomorphisms 
are characterized in terms of a path lifting property (Theorem 19). As a conse- 
quence, one finds an algebraic characterization of coverings (Corollary 21). Section 
5 contains an algebraic characterization of local isomorphisms (Theorem 23). In this 
criterion so called 2-sided elements play a role. Theorem 27 shows that 2-sided 
elements can be used in the investigation of non-singular points of semi-algebraic 
spaces. In Section 6 the fibres of open semi-algebraic mappings are discussed. Final- 
ly, in Section 7, it is shown that for a morphism f: M+N of affine semi-algebraic 
spaces there is a largest open subspace ~&CM such that the restriction fO : M,, + N 
off is open (Theorem 37). 
In the entire paper all locally semi-algebraic spaces are spaces over a fixed real 
closed ground field R. The terminology of [14] is used for locally semi-algebraic 
spaces. For real closed spaces the reader is referred to [23, 251. 
1. Characterization of open locally semi-algebraic mappings 
If f: M-+ N is a locally semi-algebraic mapping, then there is an associated mor- 
phismf: A& N of the corresponding real closed spaces. It is an important question 
to establish connections between properties of f and of f (see for example [25, 
Chapter VI]). Concerning openness we have 
Proposition 1. f is open if and only if p is open. 
Proof. f is open if and only if there are open semi-algebraic covers M=lJM;, 
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N=U Ni such that f(~*)~~~ and each restriction f, : 1Mi -+ N, off is open. On the 
other hand, f is open if and only if x: Ii& -+ R, is open for all i [26]. For a mor- 
phism f: M+ N of affine semi-algebraic spaces it is clear from [9, Section 51 that 
f is open if and only if pis open. 0 
Openness of semi-algebraic mappings can be characterized in terms of a path- 
Iifting property: 
Proposition 2. Let f: M-t N be a locally semi-algebraic morphism, let x E M, 
y = f(x). Then the fo/Io wing conditions are equivalent: 
(a) f is ope?z at x (cf. [26, ~efj~~jt~o~ I]). 
(b) For any path w : [0, 1) + N with u(O) = y there is some E > 0 and some path 
u : [0, E) -+ M such that v(0) =x and the diagram 
M 
commutes. 
Proof. Clearly, it suffices to consider the case that both M and N are affine. 
(a) =+ (b). Let I/C N be a neighborhood of y such that VC f(M). Choose q > 0 such 
that w([O, y))c I/. If there is some a>0 such that wI~~,~) is the constant path, then 
we let u : [0, E) + M : a -+ x be constant as well. So, we may suppose now that there 
is some O<E<~ such that UJ/~~,~) in injective. Let yacy be the generalization of y 
in fi determined by w. By Proposition 1 and [26, Proposition 41, there is some 
.q,~h?, xocx such that ~(xo)=yO. Let UCf-‘(o((O,&))) be a semi-algebraic set 
belonging to the ultrafilter of semi-algebraic subsets of M corresponding to x0 
[l, 3, IS]. Since x is a specialization of x0, x E 6. By ]I 1, Theorem 12.11, there is a 
semi-algebraic path u : [O, 1) +M such that u(0) =x and u{(O, 1))~ U. Let 6>0 be 
such that ful ,o,s) is injective. Let 
u’: o([O, E)) + [O, E) 
be the inverse of u. Then o’fu : [O, CT) + 10, E) is an injective semi-algebraic mapping 
and ~‘fu(O) = 0. Let 10, y) be the image of co’fu, let U’ : [0, y) -+ [O, 6) be the inverse. 
We now set v = UU’: [0, y) + M. Then u(0) =x and we have 
fv(a) =fuu’(f2) =fu(o'fu)pl(a) = co-'(a)= cu(a) for aE[O,y). 
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(b) * (a). Assume that f is not open in x. Then there is a semi-algebraic neighbor- 
hood UCM of x such that f(U) is not a neighborhood of y in N. By [l 1, Theorem 
12.11, there is a semi-algebraic path o : [0, 1) + N such that w(O) =y, ~((91))~ 
N\ f(U). By (b), o can be lifted to a path u : [O;a)-+M with u(O)=x. But then 
u([O, 6)) c U for some 0 < 6 z~ E. Hence, 
0(]0?4) =fWJ4)Cf(U), 
a contradiction. 0 
There is a global version of Proposition 2: 
Theorem 3. For a locally semi-algebraic morphism f: M-+ N, the following condi- 
tions are equivalent: 
(a) f is open. 
(b) For any semi-algebraic path w : I= (- 1,l) + N the projection f’ in the Carte- 
sian square 
0’ 
Ix,M-A4 
1 I f’ f 0 
I’N 
is open. 
Proof. (a) =1 (b). Assume that there is a path o such that f’ is not open. Then there 
is some (t,x) EZX,M and some neighborhood U’ of (t,x) such that f’(U’) is not a 
neighborhood of t. We consider Zx,M as a subspace of Ix A4, Then there are 
open neighborhoods V’CI of t and UCM of x such that V’x UflZx,Mc U’. 
Set y=f(x) =o(t). Since f is open, f(U) is a neighborhood of y. But then 
oP’(f(U))CI is a neighborhood of t. Thus, there is some a>0 such that (t-e, 
t+&)c V’no-‘(f(U)). For t--E<s<t+& pick Z,E U such that w(s)=f(z,). Then 
(s,z,)E V’x UnIx,Mc U’. But this implies (t-E, t+E)cf’(U’), a contradiction. 
(b)*(a). Suppose f is not open. Then there is some open semi-algebraic set UCM 
suchthatf(l/)CNisnotopen,i.e.thereissomeyEf(U)nN\f(U).Leto’: [0,1)-t 
N be a semi-algebraic path with o’(O) = y, ~‘((0, 1)) C N \f(U) (see [ 11, Theorem 
12.11). Setting 
w(t) = c o’(t), t E [O, I), w’(-0, tE(-1,O) 
we obtain a semi-algebraic path ~LJ : I --t N. Using this path consider a diagram as in 
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the statement of (b). o’pl(U)~Zx,M is open semi-algebraic. By hypothesis, 
f’(w ‘-‘(U))cZ is open semi-algebraic as well. On the other hand, 
f’(w ‘_‘(U)) = {tell YXE U:f(x) = o(t)} = {O}, 
a contradiction. 0 
Theorem 3 has the following surprising consequence: 
Corollary 4. For a locally semi-algebraic morphism f: M+ N the following condi- 
tions are equivalent: 
(a) f is open. 
(b) f is universally open. 
Proof. (b)*(a). Trivial. 
(a)=(b). Let g : N’+ N be a locally semi-algebraic map. Let o : I= (-1, 1) + N’ 
be a semi-algebraic path. We must show that in the diagram 
Ix,v,M= Ix,ML M’=N’x,M-f-M 
the projection f n is open. However, this follows from Theorem 3 by considering the 
semi-algebraic path gw : 14 N. C 
If f: M+ N is a universally open morphism of real closed spaces, thenf: A&N 
is universally open in the full subcategory of locally semi-algebraic spaces of the 
category of real closed spaces (Proposition 1). In some cases we even have 
Proposition 5. For a morphism f: M+ N of locally semi-algebraic spaces the 
following conditions are equivalent if dim N52: 
(a) f is universally open. 
(b) Jis universally open in the category of real closed spaces. 
Proof. (b)=(a). Trivial. 
(a)*(b). By [26, Proposition 71, it suffices to consider the case that both M and 
N are affine. [26, Theorem 111 shows that is suffices to consider base extensions 
g : Y + fl by valuative real closed spaces Y such that @(g(y,)) + e(yO) is an isomor- 
phism (where yOCy, are the generic and the closed point of Y). The proof of [26, 
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Theorem 1 I] even shows that Y may be chosen such that 
I YO 1 = Affk-’ (AffWyo ))- 
We claim that in the Cartesian square 
the projection h is generalizing. 
Set zO=g(yO), zl =g(yt) and let N’Cfibe the subspace {ZENI zoCzCzl}. Now 
set M’=f-‘(N’) and let f’:M’-) N’ be the restriction of jr Since f” is open f26, 
Proposition 3) shows that f’ is open. Let B, C be the rings of global sections of N’ 
and Y. Both are Henselian local rings, and there is a local homomorphism p : B --+ C 
corresponding to Y-+ N’. Let R,, Rc be the residue fields. We can find fields of 
representatives in both B and C such that 
Rg------+R c 
n cn ” 
B-C 
commutes (where we identify Ii,, Rc with the fields of representatives). We can 
write 
B=R,i-m,, C= R,tm,. 
Since in all these considerations only the generic and the closed point of C matter, 
we may replace C by the subring C, = R, + mB , for which the residue fields at the 
generic and at the closed point agree with the residue fields of Y at y. and y1 . Let 
TC Sper Co be the subspace (to, tr } where to, tt are the generic and the closed point 
of Sper CO [25, Example V.2.111). By [25, Theorem V 5.81, the natural morphism 
i : Y-+ T is proper. Consider the following diagram in which all squares are 
Cartesian: 
., 1 ii 
X------+Z-M’ 
Ih i I: i, ~~ 
Y-T-N’ 
By [25, Proposition V 2.171, i is a monomorphism, and, by definition, i is surjective. 
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Thus, the same statements are true for i’. Moreover, both i and i’ are closed (since 
i is proper). Thus, both i and i’ are homeomorphisms on the underlying spaces. 
Thus, it suffices to show that f o is open. 
Using the natural homomorphism R + R, to extend the base we obtain the 
diagram 
0 
M’ 
J 
,A2 
/I 
M’X,R, 
- / 
'MXRRC 
N' X R& 
jxl 
s 
Since fx 1 is obtained from the open morphism fby extending the base field, fx 1 
is also open ([ 10, Section 91, [12, Section 41 in connection with [25, Theorem VI 2.2 
and Proposition 11). Since N’cN is a subspace, N’x,R,CflX,R, is a subspace 
[25, Proposition V 2.271. Thus f ‘x 1 is the restriction offx 1, and f ‘x 1 is open [26, 
Proposition 31. We will now identify T as a subspace of N’x,R, and f u as the 
restriction off’x 1. Once this has been shown we apply [26, Proposition 31 to show 
that f” is open. 
[25, Proposition V 2.171 shows that the morphism 
q: T+N’XRSper& 
in the diagram 
N’ x R Sper R,-+ Sper R, 
N’ - Sper R 
is a monomorphism. Then it follows from [25, Proposition V 2.251 that this is even 
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an isomorphism onto a subspace. In 
Z- M’ x R Sper R,-M’ 
V 
T- N’x ,SperR,-N’ 
all squares are Cartesian. Thus, Zz(f’x l)-‘(p(T)), and f u is the restriction of 
f’xl. 0 
2. Open mappings into curves 
It was shown in Theorem 3 that openness of semi-algebraic mappings can be 
characterized in terms of base extension by semi-algebraic paths. Therefore, mor- 
phisms into semi-algebraic curves deserve particular attention. 
From [26, Corrollary lo] it is known that (under suitable hypotheses) flatness of 
a morphism implies openness. Here, we can improve this result: 
Theorem 6. Let f : M + N a morphism of locally semi-algebraic spaces. Suppose that 
dim N< 1. Then the following conditions are equivalent: 
(a) Jis open. 
(b) f is flat. 
Proof. Clearly, we may assume that both M and N are affine semi-algebraic spaces. 
Also, we may assume that dim N= 1. For, if dim N=O, then both (a) and (b) hold. 
(b)*(a). By [26, Proposition 41 we must show thatflis generalizing. So, let XEA?, 
y =7(x), y’cy a generalization. Since dim N= 1, y is either a minimal or a maximal 
point of fi. If y is minimal, then y’= y and we have_?(x’) = y’with x’=x. So, suppose 
that y is maximal and y’$y. Then y’ is minimal. Since the local homomorphism 
013 Y+ Oh?,.Y I. 
is flat and since y’ is a minimal prime ideal of ON,, there must exist a minimal prime 
ideal X’C OM,,,. By [25, Proposition III 3.51, OM,,~ is a real closed ring. Hence, x’ is 
a minimal element of Sper Ofi,X = Spec Oa,X. By [25, Proposition 11.4.61, X’EI@. 
(a)=(b). We must show that for all XE@ the homomorphism 
is flat. If f(x) is a minimal point of fi, then 0~~~~~ is a real closed field, and fX# is 
trivially flat. So, now suppose that y is not a minimal point of N. Then y EN(R) = 
N (since dim N= 1). Let Ni,..., N, be the images of semi-algebraic paths from 
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N \ ( y} to y (see [ 11, Theorem 12.11) such that UT= 1 A$ is a neighborhood of y in 
N. We may clearly assume that N, tl N, = { y} for all i #j. By considering an open 
semi-algebraic neighborhood of y in N we may then even assume that N= Ur= i N,. 
Each N, determines a generalization y, of y in N. These are all the generalizations 
of y. 
Let A, B be the rings of global sections of M, N. As usual, we identify the real 
spectrum with the Zariski spectrum for any real closed ring [25, Proposition 
II.4.10]. Then, for all i= 1, . . . . r, B,=B/y,c~(y,) is aconvex subring [24, Lemma 81. 
Let B, = BV and denote the natural homomorphisms B, + B, by p,, Bj + B/y = R 
by I,v;. Then 
P=(IDI,...,v)~):~+ n B; 
!=I 
is injective since B0 is reduced and y,, . . . , y, are exactly the minimal prime ideals of 
B contained in y. 
Claim. B, is the fibre product of the Bj over R. 
Proof. Since all the wiqi : B, + B, + R agree, v, maps B, into XR B;. It remains to 
prove that this is surjective. Suppose we have b;e B, with v/,(b,) = lyj(b,) for all i, 
j. Let BI be the ring of semi-algebraic functions on N,. Let ei : B,!+ Bi be the 
natural map. We may assume that there is some ble B,! with e;(bl) = b;. The semi- 
algebraic functions bl all agree on the intersection of the halfbranches N, (the in- 
tersection is { y}). Thus, the 61 glue together to give b E B with p(b) = (b,, . . . , b,.) E 
XRB;. 
We set 
A, = &@,A, A; = B;@,A, & = A,O,,,R 
and let 
@;:A,+A,, Y;: A;+& 
be the natural homomorphisms. Since A, = O,G,, is a localization of A, it suffices to 
show that A, is flat over B,. It is known from [26, Theorem 81 that each Ai (which 
is the ring of global sections of the subspace J-i({y,,y})Cti) is torsionfree over 
the valuation ring B,, hence is flat over Bj [2, Chapter I, Proposition 3, p. 291. To 
show that A, is flat over B, it remains to put these flat pieces together. 
Claim. @=(@,, . . . . cDr): A,+ n:=, A; maps A, isomorphically onto the fibre pro- 
duct of the A, over AO. 
Proof. Since the ul,@; : A, -+ & all agree it is clear that @ maps A, into Xii,, A,. 
Cp is injective: Let a E A, be such that @(a) = 0, i.e. @;(a) = 0 for all i. A, is the 
ring of global sections of f-‘({ y,y i, . . ..y.}) and @; restricts a to f -‘({ y,y;}). Thus, 
a is zero everywhere on 
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;p(ir,Yil) =P({_Y,_Y I,..., y,)), 
i.e. a=O. 
@(A,) = XA”A;: Using induction we may assume that r= 2. By exactness of the 
sequence 
((PI~IOZ) 
O-+B, - B,xB2 =ZR+O, 
the sequence 
(%@I) Y,YY> _ 
Ao -A, XA, -A,+0 
is exact as well. Since ker( Y, - U;) = A, x ALAR, the claim is proved. 
Let rrz; =y/y;c Bj be the maximal ideal for i = 0, . . . , r. 
is a split exact sequence. For each i choose a section oi : R + B, of vi. Then the cri 
yield cr : R + B, = B, = XR Bj and we obtain 
B,=R+m,=R+m,x~~~xm,, 
B,=R+m; for i= l,...,r. 
If ni=Ao@B,jmj, then 
O-tn;+A;%i,,+O 
is split exact as well. Set ri= 10aj:Ao=AoOg,RjAoO~,Bi=AO~Bi. Then pi 
is a section of Yi, and the r, yield r :_& + A0 = XA”A,. 
Again, 
Ao=~,+no=~,+n,x~~~xn,, 
Aj=Ao+nj for i= l,...,r. 
We will now prove 
Lemma 7. Lef 
Bo -Bl A,-A I 
! Ii I 
B,-i? 0 A2 -A 0 
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be Cartesian squares of real closed rings. Suppose that &, A,, A1 are flat &, B,, 
B, modules. (Note that A, is then a B,-module in a natural way.) Suppose that 
A,=A,@,,&, A, =A,@,B,, A,=A0@B0A2. Suppose that, for i=O, 1,2, 
mi = m for some bi E Bi, where mix B, is the kernel of B, + &. Then A, is a flat 
&module. 
Once this is proved an inductive application of Lemma 7 immediately proves 
Theorem 6. 
Proof of Lemma 7. We use the following criterion of flatness 12, Chapter I $2 No. 
11, Corollary 21: A,, is flat over B, if for every system 
: X,b,=O, j= l,...,n 
i= 1 
of linear equations with b, E B, the following holds: The module MC Af of solu- 
tions of (0) is generated as an A,-module by the canonical image of the module 
NcB,$" of solutions of (0). 
So, pick a solution (x ,, . . . ,x,) EM of (0). We denote images of elements a E A,, 
LJEB~ in A,,B,,&,&,=R by a(‘), b”‘, a, 6. Similarly, the images of aE A,, be B, 
in AO, &, are a, 6. For k = 1,2, (x,(~’ , .. . ,x$) is a solution of the system 
171 
c X,6$)=0, j= l,...,n 
i=l 
and (2, , . . . ,X,,,) is a solution of 
C Xj5;j=Oo, j= l,..., n. 
i=l (-) 
Let M,CAr,N,C BF be the modules of solutions of (k). Let Pkcijr be the 
canonical image of Nk. Setting E= A,, F = &‘, F ‘= P, , F” = Pz in [2, Chapter I $2 
NO. 6, Proposition 61 and recalling that A, is flat over I?, we obtain 
(where we identify B$ canonically with 1 ~~~~~cA*~~~~~). Since A, is flat 
fk) over BE: there exrst (a,, ,...,~~,~~)~N~,~=l,..., pandas’,..., a~~~~A~sucht~at 
and we see that (_z ,,.,.,~~)~A~P,nA,p,=A,(p,np,),i.e. thereare(d ,,,..., c3,,)E 
P, f?P, and a,~&, I= I,..., p such that 
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@ ,, . . . ,X,) = f ii[(cYl,, . . . ,Qm,). 
I= I 
For k=l,2, I=1 ,..., p pick an inverse image (p,‘:‘, . . . ,j?$/) E Nk of (a,,, . . . , a,,>. 
Since B, is the fibre product of B, , B, over & there exist unique (YIP, . . . , Ye,,) E Br, 
I=1 , . . . . p such that y~~‘=p$‘,. Moreover, (y,,, . . . . Y,~,)EN for all 1. 
Pick inverse images al EAT for d,. Then we see that 
x’= (xi, . . ..x.‘) 
zz (x I,..., x,)- f: a,(y,, ..., Ym,)EM. 
/=l 
By construction, x’~nc=(n, ~n*)~ (where n,CAi is the kernel of A,+& and no 
is identified with n, xn,). If x~=(y,,~~)~n, xn2, then both 
Y = ((Y,~O),...,(Y,,O)), z= ((Qz,),...,(O,z,)) 
are solutions of (0). It suffices to show that Y can be represented in the desired way. 
Since ~1, is generated over A, by the canonical image of m, we write 
y; = i a;,b;, 
/=I 
with ai, E A 1, bit urn, . By hypothesis, m, = m for some b, EB, . Since B, is real 
closed we may assume that 016,) and then for any n E IN there is some c E B, such 
that b, = c”. Thus, 6, may be chosen such that every bj, has a representation 
b,, = b,‘, bf with b:, E B, . 
If yi= CT:, ai,bi,bl, then 
(Y,, . . ..Y.,) = (v;,...>Y,‘,Jb:, 
and (y;, . . . . y;) EM,. By [2, Chapter I $2 No. 11, Corollary 21, there exist 6, ELI,, 
(6,,, . . . . Sml)6N,, I=l,...,q such that 
(Yi, . ..7 YL) = li 4(4,, . . . . &,). 
I= 1 
Thus, 
(Y 19 .. ..Y.) =,g, @,b,)(W,, . . ..&A) 
where d,b,en,, (6,,b,,...,6,,b,)eN,flm;” for all 1. Now, (6, b,,O) E n, x nzCAo 
and ((8,,b,,O), .. . . (d,,b,,O))E(m, xm,)“CBT is a solution of (0). 
Y =,$, (4b,,O)((W,,O), . . ..(&.,O)) 
is the desired representation. q 0 
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Theorem 3 and Theorem 6 show that openness of a morphism of locally semi- 
algebraic spaces can be described in terms of flatness: 
Corollary 8. Let f : M+ N be a morphism of locally semi-algebraic spaces. f is open 
if and only if for every semi-algebraic path o : I= (- 1,l) --t N the projection f’ in 
the Cartesian square 
Mx,I-M 
I ! S’ f 
w 
I-N 
is flat (as a morphism of real closed spaces). 0 
Of course the question arises if it is possible to replace the curve N in Theorem 
6 by other locally semi-algebraic spaces. However, we will now see that this not 
possible in full generality: 
Example 9. A flat morphism need not be open. Let 
N= ((x,y)~R~Ix~+y~< l}, 
Let f: M+ N be the inclusion. Clearly, f is not open. However, we will see that the 
homomorphism g : B + A of the rings of global sections is flat. By [25, Proposition 
IV. 81, fl is an affine scheme. By [25, Proposition II. 4.71, Aff(f) : Aff(&‘) -15 
maps Aff(&‘) onto the convex hull of A? in N. The convex hull consists of ll? and 
two additional points. We can represent A4 as an intersection of open subspaces of 
N: Set M,=N and, for n~kJ, 
A4, = {(X,Y)E R2 1 x2+y2< l} 
U{(x,y)~R’1x~+y’= lr\yzOAlxl <l/n}. 
Clearly, M= n,, N M,, and we also have Aff(M) = n,, M I@~. For n E N let 6, E B 
be the function ‘distance from M,, \ A4,‘. Let SCB be the multiplicative subset 
generated by the b,, n E N. Then A = S-‘B and g : B-+,4 is flat. 
To emphasize hat flatness is not very well understood in the context of real closed 
spaces we mention the following open 
Problem. If M, N are affine semi-algebraic spaces, is the projection Mx N+N a 
flat morphism? 
3. Flatness and openness for locally semi-algebraic maps with finiteness condition 
Example 9 shows that the equivalence of Theorem 6 does not extend to arbitrary 
locally semi-algebraic maps. However, we will see in this section that a similar result 
can be proved if we consider only real closed schemes and if we use some finiteness 
hypothesis. 
Definition 10. A morphism f: X+ Y of real closed space is quasi-finite if all fibres 
are finite. f is partially quasi-finite if, for all open quasi-compact subspaces X’C X, 
the restriction f’ : X’+ Y of fis quasi-finite. If f : M+ N is a Iocally semi-aIgebraic 
map, then f is quasi-finite (partially quasi-finite) if all fibres off are finite (if all 
restrictions f’ : M’+ N to open semi-algebraic subspaces are quasi-finite). 
For a morphism f: M+ N of locally semi-algebraic spaces we have the notion of 
quasi-finiteness. We have the same notion for f Here is a connection: 
Proposition 11. Let f: M+ N be a locally semi-algebraic map, A4 a semi-algebraic 
space. Then f is quasi-finite if and o&y if flis quasi-finite. In particular, a locally 
semi-algebraic map f : M+ N is partially quasi-finite if and only if J is partially 
quasi-finite. 
Proof. If Jquasi-finite, then f is clearly quasi-finite. Now assume that f is quasi- 
finite. By [25, Theorem VI.1.11, fi is quasi-separated. Thus, [25, Proposition 
V.3.101 shows that fis quasi-compact, and we may assume that N is affine. Since 
A4 is covered by finitely many open affine semi-algebraic subspaces we may also 
assume that A4 is affine. By [26, Proposition 141, 
{yeNi f-‘(y) is infinite} 
is constructible. If this set is nonempty it must contain some XEN(R) = N [9, Section 
51, a contradiction. 0 
If f: M+ N is a partially quasi-finite morphism of locally semi-algebraic spaces 
and if &’ and fi are both schemes, then for every xeA4 there are semi-algebraic 
neighborhoods U of x and V of f(x) such that f( U) C I/ and the restriction f : U + I/ 
off is finite [ 13, Section 5; 14, Chapter I, 9 6, Definition 41. For, choose open affine 
neighborhoods UC&?, VCN of x and f(x) such that f(U) G V. By [25, Proposition 
IV. 81, both U and V correspond to locally complete semi-algebraic subspaces 
M’CM, N’C N. Let M”CM’ be a complete neighborhood of x. Then f : M” + N’ 
is proper and has finite fibres. Thus, f’: a” -+ A’ is proper [25, Theorem VI 4.71 and 
has finite fibres [26, Proposition 141. 
We will now see that for any x E &’ similar neighborhoods of x and f(x) can be 
found. Of course, we may assume that both M and N are affine. By Hardt’s 
Theorem [12, Theorem 6.4; 14, Chapter II, $ 61 there is a semi-algebraic triangula- 
tion [lo, Section 2; 12, Section 4; 14, Chapter II] Yx: Xf N such thatfis trivial 
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over YX(o) for every open simplex 0 of X: 
Let Yyy : Y--f A4 be a simultaneous triangulation of A4 and all q;‘(YX(o) x {a}), 
where aE L,. Let Yr, : Y’+M be the barycentric subdivision of Y,, and let 
Yz : Z + N be a simultaneous triangulation of N and all f(Yr(a)), 0 an open 
simplex of Y’. Then f is trivial over each Yz(a), (T an open simplex of Z: 
Suppose that f(x) E (U/~(S))- and XE @((vz(r) x {a}>-). Let VCN be the open star 
of u’,(s). There is an open UCM such that f(U)C V and such that f lu is trivial 
over every u/,(a)C V: 
u/,(a) 
Moreover, we may assume that L;= {a} and that 
d(Yz(7) x wm-‘(YZW x (61) 
for all o with Yz(a)C V, all b E L;. Now embed UC R’“, VCR” as bounded 
subsets and let TC Rln+” be the graph off: U+ V. Let P and V be the topological 
closures of TC Rm+“, VC Rn. Then the projection rc : R”‘+n + R” restricts to a pro- 
per morphism TI : r’- P. One verifies that n(r\ r) rl R(T) = 0. Thus, 
7r : r = 7+(7c(l-)) + 7r(I-), 
hence also 
f: U-f(U) 
is proper. 
Thus, we have proved 
Proposition 12. Let f : M-N be a partially quasi-finite morphism of locally semi- 
algebraic spaces. Suppose that I@, fi are schemes. If f is open, then for all x E A.? 
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there are open affine neighborhoods UC ii?, VC fi of x and&) such that_?(U) = V 
and f-1 U + V is proper and has finite fibres. 0 
Now we are ready for 
Theorem 13. Let f: M-+ N be a partially quasi-finite morphism of locally semi- 
algebraic spaces. Suppose that A?, N are schemes. The following conditions are 
equivalent: 
(a) f is open. 
(b) f is flat. 
Proof. (b)*(a). This is a special case of [26, Corollary IO]. 
(a)*(b). Pick XEA?. By Proposition 12 we may assume that M, N are affine, 
N=f(M) and f: M-+N is proper. In particular, fis then finite. By [14, Theorem 
II 6.131, f can be triangulated. Let N=N, U ..- UN, be the partition into open 
simplices. Let M= Ui=, l_j~~~ Mti be the partition into open simplices such that 
f(iw,)=N,. By 114, Lemma 11.6.51 Sl,@,, : h?fgi-+h’i is an isomorphism, Suppose 
that f(x) E fir. Then we may assume that N is the star of N,, and that s( 1) = 1. 
Let A, B be the rings of global sections of M, N, let g : B -+A be the homomor- 
phism determined by f. We must show that g is flat. The idea of the proof is the 
following: The restrictions f: I@~ -+Nj of f are all isomorphisms. Hence, each 
f: fiij --+ 5; is flat. With a similar technique as in the proof of Theorem 6 these flat 
pieces will be put together now to prove flatness of _?. 
Let 
IY,, a.., Y,)C(N,,...,N,) 
be the set of maximal open simplices with respect to the relation: Ni<Nj if NiCNj 
(i.e. Nj is a face of N,). Then the restrictions 
off are finite and open. Moreover, each J; is triangulated. In a first step we show 
that each x is flat: 
Let Xl,, . . . . Xi, be the maximal open simplices off -I(F). Set 2, = lJ= 1 Xij for 
k=l, . . . . u. By induction with respect to k it will be shown that, for each restriction 
fik : Z,k + K I 
xk is flat. Note that J;k is proper and open for all k. for k= 1 this is clear since fir 
is an isomorphism. Now suppose the claim is true for k. Let 2 = Ztk nx,,+ r, 
Y=j(Z). NOW let A,Aik,A;k+r, B,B, be the rings of global sections of Z, Zik, 
X/,kil*Zi,k+l~ Y, K. Then A is a flat B-module (since f : Z + Y is an isomorphism). 
A, is a flat &module (by induction), A++ r is a flat &module (since f: xj,,+, 4 
q is an isomorphism). It is claimed that AL$+r is a flat &module. This can be 
verified using the same criterion of flatness as in the proof of Lemma 7. 
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Let 7;:=fpi( yI) for all i, and set 
Qj=,(J, Ti, Pj= (J yil j=l t. , ‘..> 
i= 1 
Again, it will be shown inductively that for each restriction 4 : QJ --f P, the cor- 
responding morphism 5 of real closed spaces is flat. For j= 1 there is nothing to 
prove. SO, assume that the claim is true for some j2 1. Let Qj= Qjn Tj, I, Pi= 
Pp rj+,. Since f is open, Q;= f -‘(PJ and the restriction f’ : Qj-+ Pj off is finite 
and open. By an inductive argument on the dimension we may assume that7 is flat. 
lfA,,A,,A,,Ao,B,,B,,B,,BoaretheringsofglobalsectionsofQ,+,,Q,i,T,+,, 
Q;* Pi, yj+ t 3 Pi, then these rings satisfy the hypotheses of Lemma 7. Thus, A, is 
flat over Be, and we are done. q 
4. Local isomorphisms 
In 1131, Delfs and Knebusch introduced the notion of local isomorphisms of local- 
ly semi-algebraic spaces (see also [14, Chapter II, $ 131). This is a particularly impor- 
tant class of open morphisms. In this section we will take a look at local isomor- 
phisms from the point of view of real closed spaces. 
Definition 14. Let J: &‘+ fi be a morphism of locally semi-algebraic schemes (i.e. 
ti, A are real closed schemes and are associated with locally semi-algebraic spaces). 
%is afgebra~ca~ly finite if it is finite as a morphism of schemes. 
Ifflis algebraically finite, thenfis a proper affine morphism of schemes [17, Exer- 
cise II 4.1; 15, Proposition 6.1.101. 12.5, Proposition V 5.161 shows thatfis a proper 
morphism of real ciosed spaces. Trivially, an algebraically finite morphism is quasi- 
finite (Definition 10). By Proposition 11 and [25, Theorem VI 4. l] this shows that 
the corresponding morphism f: A4 -+ N of locally semi-algebraic spaces is finite. 
For the further discussion of algebraic finiteness we need another definition: 
Definition 15. Let f : M 3 10, 1) be a partially quasi-finite morphism of locally semi- 
algebraic spaces. f is unbra~ched over 0 if for all XEM with f(x)=0 there is a 
neighborhood Vof x such that f: V-+ [O, 1) is injective. Let f: M--+ N be a partially 
quasi-finite morphism of locally semi-algebraic spaces. f is unbranched over y E N 
if for all semi-algebraic paths w : [0, 1) -+ N with ~(0) =y the projection 
f’: [0,1)x,M--,[0,1) 
is unbranched over 0. 
Proposition 16. Let 7: I@--+ fi be an algebraically finite morphism of locally semi- 
algebraic schemes. Then f is unbranched over every point of N. 
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Proof. We may assume that both M and N are affine semi-algebraic spaces. Pick 
y EN and a semi-algebraic path LO : [0, 1) + N with w(O) =y. By [15, Proposition 
6.1.5 (iii)], the projection 
p: [O, l)- x,&M+ [O, l)- 
is algebraically finite as well. Therefore, we may assume that N= [O, I), y=O. 
Assume by way of contradiction that f is branched (= not unbranched) over 0. 
Thus, there is some x~f~‘(O) such that f is not injective in any neighborhood of 
x. By finiteness of J (see remark after Definition 14) and by Hardt’s Theorem on 
the local triviality of semi-algebraic maps there is a connected neighborhood U of 
x and some O<E< I such that the following three conditions hold: 
(1) cx3 = ut-V(O), 
(2) u=Y(tO, 81) n u, 
(3) f : f-‘((0, E]) n U -+ (0, E] is trivial. 
Since UcM is a closed subspace we may assume that U= M, E = 1 fl5, Proposi- 
tion 6.1.51. Let A, B be the rings of semi-algebraic functions on M, N, let g : B -+ A 
be the homomorphism induced by f. Then A is a finite B-module. The same is true 
for the localization g, : Bo=f~xj +A, of g. Be is a convex rank 1 subring of a real 
closed field (24, Lemma 81. Let n cB, be the maximal ideal. By [24, Proposition 
111, IZ is not finitely generated as a &-module. A, is the fibre product of I= 
If-‘(l)1 > 1 copies of Be over the residue field R of Be. Thus, A,= R@n’ and 
g, : I?, + R@n’ is the diagonal homomorphism. Thus, we can write A, as &On’-‘. 
Since A, is a finitely generated &-module this implies that n’- ’ is a finitely gener- 
ated Be-module. However, this is impossible if i> 1. 0 
Proposition 17. Let f: Iv+ N be an open or a closed affine partially quasi-finite 
morphism of locally semi-algebraic spaces. Suppose that f is unbranched over y EN. 
Then, for each XE f -l(y) there is a neighborhood U of x such that f : U-t f( U) is 
an isomorph ism . 
Proof. It suffices to consider the case that both M and N are affine. Using triangula- 
tion and Hardt’s Theorem we find a triangulation N= NoU Nr U ... U Nk with 
No=(y) such that f is trivial over each N;. Let V be the star of No. We may 
assume that V= N. Then V\ No is a disjoint union !_JwEw o(0, I) where W is a set 
of semi-algebraic paths o : [0, 1) -+ N with w(O) =y. Since f is unbranched over y, 
for each w E W there is a unique path p(w) : [0, 1) --+ M lifting w such that p(w)(O) = 
x. Thus, for each i= I, . . . . k with f --‘(Ni) #O there is a unique section s, : N, -+ M of 
f such that x~s;(N,). Thus, for each i= 1, . . . , k, f -‘(N,) #0, there is an open 
neigborhood Ui of x such that U, f7 f -‘(Ni) = si(Ni). Now set U, = n Ui. Then Ue is 
a neighborhood of x. Because of 
Uo = uon i@1(h:) =,&U&f-‘(N))c &kw 
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the restriction f0 : U, + N is injective. If f is open, then f0 is an isomorphism onto 
fO(Uc,). If f is closed and affine, then we let UC O;, be a closed semi-algebraic 
neighborhood of x. The claim follows for f : U-f(U). 0 
Now we are in the position to prove the following characterization of algebraic 
finiteness: 
Theorem 18. For a morphism 7: II? +fi of locally semi-algebraic schemes the 
following conditions are equivalent: 
(a) J is algebraically finite. 
(b) J is integral (as a morphism of schemes - see [ 15, Definition 6.1.11) and un- 
branched. 
Proof. (a)*(b). Trivial. 
(b) = (a). We may assume that N (hence also M) is affine and complete. First we 
show thatfis quasi-finite. By Proposition 11 it suffices to show that f is quasi-finite. 
So, pick YEN. f-‘(y) --t {y} is a morphism of affine semi-algebraic spaces. The 
corresponding homomorphism R + C between the rings of global sections is in- 
tegral. Then the Krull dimension of C is 0, i.e. f-‘(y) has only R-valued points. 
Since f -l(y) is an affine semi-algebraic space this means that f -l(y) is finite. 
Next, it will be shown that f is unbranched at all points of N. So, pick y E N and 
a semi-algebraic path w : [0, l] -+ N with ~(0) = y. Consider the base extension 
[O, 1, x,M--litM 
I I f’ f 
[O,l]AN 
Clearly, f’ is also quasi-finite. For XE f ‘-l(O), let A, B be the local rings of 
[0, l] x,,,M and [0, l] in x and 0. Let g : B +A be the homomorphism induced by 
f’. Let nc B be the maximal ideal. By quasi-finiteness, A, B have the same structure 
as A,, B0 in the proof of Proposition 16. Thus, A =R@n’ for some I E N. Assume 
that />l. For Ofaen, (a,0 ,..., 0) en’ is not in g(B). However, this element is in- 
tegral over B, i.e. there is an equation 
(a, 0, . . . , 0)” + c, _ , (a, 0, . . . , oy- + ... +c, = 0 
with CUE B for all i. Choosing such an equation of minimal degree we have c,#O. 
By a componentwise computation we see that co= (b,O, . . . ,O) with some bE n. 
Since g restricts to the diagonal map n + n’ we see that b = 0 as well. Thus, co = 0, 
a contradiction. Thus, I= 1 and g is an isomorphism. This shows thatf’is unbranch- 
ed at 0. 
Since f is finite, f can be triangulated [14, Chapter II, Theorem 6.131, i.e. there 
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are triangulatjons (y, : X -5 M, Yy, : Y Z -+ N such that (if we identify x= M, Y = N) 
f: X+ Y is simpticial. Combining this with Proposition 17 we see that there is a 
finite open cover N= IJ Vi of N such that each Ui=f-‘(l/r) consists of connected 
components U;,, . . . , Ujk, such that the restriction &j : UG-+ ifi maps Uii isomor- 
phically onto a closed subspace of Vi. Thus, Jj : Vu -+ 6 is algebraically finite. 
Hence, the restriction x : oi --+ Fi is algebraically finite. By [15, Definition 6.1.11, j; 
is algebraically finite. II 
Using the notion of unbranchedness we now have the following characterization 
of local isomorphisms: 
Theorem 19. Let f: M+ N be a morphism of locally semi-algebraic spaces. The 
following statements are equivalent: 
(a) flis a local isomorphism. 
(b) f is a local isomorphism. 
(c) f is open and unbranched at all points of N, 
Proof. (a) * (b), (b) =) (c). Both trivial. 
(c)a (a). For x~A4 let UCM be an open neighborhood such that f: U -+ f(U) is 
an isomorphism (Proposition 17). We still must prove the claim for x E&. Of 
course, we may restrict our attention to open affine neighborhoods of x and y(x), 
i.e. we may assume that M, N are affine. Using triangulation and Hardt’s Theorem 
we find a triangulation N= lJzZo N, such that No is a set of minimal dimension in 
the ultrafilter of semi-algebraic subsets of N corresponding to I [3] and the 
restriction f, : f -l(N;) 4 Ni off is trivial for all i. We may assume that N is the star 
neighborhood of N,. 
First we prove that f is quasi-finite: Suppose that f-‘(y) is infinite for some 
YEN. Then there exists some z E f -l(y) such that z is not an isolated point. If 
w : [0, l] --+ N is the constant path with a(f) =y for all t E [0, 11, then the projection 
f’: [O, l] x,M-, 10, I] is unbranched over 0, i.e. there is a neighborhood U of (0, z) 
such that f’: UA [0, I] is injective. But since [0, l] x,M= [0, 11 x f-‘(y) this is im- 
possible. 
f -‘(No) consists of finitely many connected components al1 of which are mapped 
isomorphically onto No. Let M, be the connected component which belongs to the 
ultrafilter of x. Let so : N,, -+ M, be the inverse off. For each i = 1, . . . , n let 
sir, ... *sir, : Ni+ M 
be the different sections of A. Fixing i we have Me f’I so(Nj) +0 for some j, say 
j= 1. For, if z~.s&Vc) and U is an open neighborhood of z, then f(r/) is an open 
neighborhood of f(z). Hence, f(u)niv,#0. Since f-‘(N,)= US,(N;) the claim 
follows. Next, assume by way of contradiction that also Monsti(N,)#O for some 
j # 1. First suppose that there is some z E Me il Sit(Ni) n si,(Ni). By Proposition 17, 
there is a neighborhood U of z which is mapped isomorphically onto f(U). But in 
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this case f is not even injective on U. Thus, n/lonsir(iVj) n su(Ni) -0 for all 
j=2 , . . . . r,. On the other hand, MOCsir(Ni)U ... Us,.,(Ni), i.e. 
is a disjoint closed cover of Me. However, h10 is connected and, therefore, M,fl 
s&V,)=0 forj=2,...,ri. 
For each i= I,..., n there exists an open neighborhood Wi of it4e such that 
winf-1(fvi)=.7,,(h;i). Setting W= W, fl ... fl W, we obtain an open neighborhood 
W of MO such that f: W-N is injective. By openness off this implies that the 
restriction f ‘: W-f(W) of f is an isomorphism. Moreover, XE @’ and y(x) E 
(f(W)): C? 
From Theorem 19 we recover [ 13, Theorem 5.21: 
Corollary 20. Let f : h4-+ N be a local i~omorphism of focally se~~ia~gebra~~ spaces. 
Then there exists an admissible cover (see [ 13, Section 1, Definition 1; 14, Chapter I, 
f 1, Definition 11) M= UiEr~i by open affine semi-algebraic subspaces uch that 
each restriction J;: M, of is an isomorphism onto an open affine serni- 
aigebra~~ subspa~e of N. 
Proof. By Theorem 19, there is an open affine cover I$?= lJIEIti; such that each 
&& is mapped isomorphically onto the open affine subspace _@8;). Then M= 
u ~~~~; is the desired cover. 0 
As a consequence of the results proved so far we have the following characteriza- 
tion of coverings [13, Section 51: 
Corollary 21. LetJ: A?--+ i’? be a separated quasi-finite surjective morphism between 
semi-algebraic schemes. The following conditions are equivalent: 
(a) f is a covering. 
(b) f is a tocal ~somorph~sm and is proper. 
(c) Jis fiat and a/gebraicaliy finite. 
Proof. (a)*(b). [13, Propositions 5.3, 5.41. 
(c)=(b). Remark after Definition 14, Theorem 13, Proposition 16, Theorem 19. 
(b) * (c). Since Jis open, flatness follows from Theorem 13. Now Iet y E N be ar- 
bitrary, let J-‘(y) = {x ,, . . . ,x,}. By Theorem 19, for each i there is an open affine 
neighborhood U, of xj such that f: U, -~(CIj) is an isomorphism onto an open af- 
fine neighborhood of y. Set U’= Ur U --- U U,.. This is a neighborhood of J-‘(y). 
Since f is proper [25, Theorem VI 4.71, there is a neighborhood V of y such that 
J-‘(V)cU’. It is clear that f:J-‘(F’) + I/ is trivial and, hence, is algebraically 
finite. By [ 15, Definition 6.1.11, J is algebraically finite. Cl 
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5. Algebraic characterization of local isomorphisms 
By [26], for a morphism J: I@= Spec A + N= Spec B of affine semi-algebraic 
schemes we have the following algebraic characterization of openness: If 
7 
SpecD=A?xNSpecCm Spec C 
is a base extension by a real closed ring C, then the homomorphism g : C+ D cor- 
responding to fl maps non-zero-divisors to non-zero-divisors. For local isomor- 
phisms there is a similar characterization. For this we need 
Definition 22. Let A be a real closed ring (cf. [23, Definition 64; 241) with dim A < 
03, a EA. a is called a 2-sided element if for all prime ideals pcA minimal with the 
property that asp the following conditions hold: 
(a) p has codimension 1 (i.e. dim A -dim A/p = 1). 
(b) p contains exactly two minimal prime ideals pl, p2. 
(c) The images a(p, ) E I, a(p2) E e(p2) of a in the real closed residue fields 
at p, and p2 have opposite signs. 
The notion of 2-sided elements is related to transversal zeros of algebraic func- 
tions as discussed in [8, 0 21: Let X be an irreducible affine variety over the real clos- 
ed field R such that the set X(R) of R-valued points is nonempty and X(R) is 
contained in the set of regular points of X. Consider X(R) as a semi-algebraic space 
and let A be the ring of global sections of this space. Then A is a real closed ring 
containing the ring R[X] of algebraic functions of X. Consider an algebraic func- 
tion f. Then f is 2-sided as an element of A if and only if all zeros off on X(R) 
are transversal. 
This already shows that 2-sided functions are of some interest. We will see later 
that 2-sided functions can also be used to describe nonsignular points of a semi- 
algebraic space. But first we have the following characterization of local iso- 
morphisms: 
Theorem 23. Let 7: I@= Spec A 4 fl= Spec B be a quasi-finite morphism of affine 
semi-algebraic schemes. Then the following statements are equivalent: 
(a) flis a local isomorphism. 
(b) If BAA 
! 1 
i .i 
h 
D-C 
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is a cocartesian square in the category of real closed rings, then h maps 2-sided 
elements to 2-sided elements. 
Proof. (a)*(b). Let dE D be 2-sided and let X’E Spec C be such that h(d) EX’. Let 
x=j-‘(x’), y’= h-*(x’), y=g-‘(x) = i-‘(y’). There is an open affine neighborhood 
r/c&? of X such thatf: U-f(U) is an isomorphism onto an open affine neighbor- 
hood of_?(X) =y (Theorem 19). Let A’, B’be the rings of global sections of U, y(f.J). 
Then A’=A,, B’=Bb for suitable a~/l, ZTEB [25, Corollary II 4.141. 
g’ 
B’- A’ 
1 1 i’ j 
h’ 
Di(/,) - C J(a) 
is another cocartesian square of real closed rings. Moreover, g’ is an isomorphism. 
Hence, so is h’. Let d’E Dicbj be the canonical image of de D. Since d’ is 2-sided, 
the same is true for h’(d’). By the definition of 2-sidedness this shows that h(d) is 
%-sided. 
(b)*(a). By Theorem 19 it suffices to show that f is open and unbranched at all 
points of N. To prove openness we apply Theorem 3. So, let o : I= (- 1,l) + N be 
a semi-algebraic path. We must show that the projection f’ in the diagram 
is open, i.e. that the homomorphism g’: D 4 C of the rings of global sections cor- 
responding to f’ maps non-zero-divisors to non-zero-divisors [26]. So, let d E D be 
a non-zero-divisor. Then d has only finitely many zeros, say x, < ... <xr. Let 
Ze=(-1,X,], I;= [Xi,Xj+r] for i= 1, . . . . r-l, Z,=[x,,l) and define, for i=O ,..., r. 
d;(t) = 
Id(t)1 if t~Z,t 
o 
if t$Z,. 
Then the d, are semi-algebraic functions on (- 1,l) and 
e = c (-l)‘d, 
r=O 
is a 2-sided element having the same zeros as d. Thus, g’(d) has the same zeros as 
g’(e). Hence, if g’(d) is a zero-divisor, so is g’(e). However, g’(e) is 2-sided (by 
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hypothesis) and, hence, cannot be a zero-divisor. 
Next, we prove that fis unbranched at y E N. So, let o : [O, l] +N be a semi-algebraic 
path with m(O)=y. Define a path o : t-1, l] -+N by setting w(t)=w(ltl) for 
te [-l,l]. We may now assume that N= [-l,l], y=O. Then 
b:N+R:t+t 
is clearly 2-sided. Hence, g(b) E A is 2-sided as well (by hypothesis). Assume by way 
of contradiction that f is branched in x~f-‘(0). Then x (considered as an element 
of Spec A) is minimal among the prime ideals containing g(b). However, x contains 
at least four different minimal prime ideals, and g(b) is not 2-sided, a contra- 
diction. 0 
For the rest of this section we will discuss 2-sided functions in some more detail. 
The purpose is to motivate the use of this class of functions. 
Let A be a real closed local ring with maximal ideal m and residue field R. Since 
A is henselian [24, Proposition 51 A contains a subfield isomorphic to R [21, Pro- 
position 3, p. 761. We identify R with this subfield. If {a,, . . ..a.}Cm is a subset, 
then there is a homomorphism 
(p:R[X ,,..., X,]-+A:a;. 
This extends uniquely to @ : B + A where B is the real closure of R [X,, . . . , X,] on 
Sper RIXl, . . . . X,.] [25, Proposition III 3.11. @ extends uniquely to Q0 : B. +A, 
where B, is the localization of B at 0 E R”. 
Definition 24. With the above notation, a subset {a,, . . . , a,} Cm is a 2-sided set if, 
for each subset IC { 1, . . . , r> and each j$Z, the image aj E A/in of aj is 
2-sided. {a,, . . . . a,) is a 2-sided parametersystem if it is a 2-sided set and m = 
VGTzG {a,, . . . . a,} is a homogeneous 2-sided set (a homogeneous 2-sided 
parametersystem) if, for any automorphism Y of Ba, {Do Y(X, ), . . . , Q0 Y(X,)} is 
a 2-sided set (a 2-sided parametersystem). 
Concerning the length of 2-sided sets we have 
Proposition 25. Let A be a real closed local ring of finite dimension n. The length 
of a 2-sided set is at most n. A 2-sided set is a 2-sided parameter system if und only 
if the length is n. 
Proof. Let a E A be a 2-sided element. If ~cA is minimal with a EP, then dim 
A/p=n- 1. Thus, dim A/m=n- 1. 
If {a,, . ..) a,} cm is a 2-sided set, then dim A/da = n - r by induction. 
In view of the definitions this proves the proposition. 0 
To establish a connection with non-singular points of semi-algebraic spaces we 
need 
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Definition 26. Let M be an affine semi-algebraic space, x E M, dim,M= n. x is a 
non-singular point if there is an open neighborhood U of x and an isomorphism 
f: U-+ V, f(x) = 0 onto an open neighborhood of 0 E R”. 
Theorem 21. If M is an affine semi-algebraic space, XEM, dim,M= n, if A is the 
local ring of XE A?, then the following conditions are equivalent: 
(a) x is non-singular. 
(b) There exists a homogeneous 2-sided parameter system {a,, . . . , a,.} CA. 
Proof. (a) * (b). Let f : U- V, f(x) = 0 be a isomorphism of an open semi-algebraic 
neighborhood of x onto an open semi-algebraic neighborhood of 0 E R”. Let B, be 
the local ring of 0 E R”. Then Bo=A. Clearly, B, has a homogeneous 2-sided para- 
meter system. 
(b)=(a). Let UCM be an open semi-algebraic neighborhood of x such that each 
a, has a representative f; E O,(U). We can define 
f: U+ R” : z+ (fi(z), . . ..fn(z)). 
We claim that f restricts to the desired isomorphism. Clearly, f(x) = 0. Since dim 
A/i-=0, x is an isolated point in f-‘(O). Thus, we may assume that 
unf-l(o)= IX). 
Claim. f is quasi-finite in a neighborhood of x. 
Proof. Assume by way of contradiction that for all open semi-algebraic neighbor- 
hoodsU’cUofxthereissomeyEUfwith(f~’f(y)nU’(=03.By[26]thereisan 
injective semi-algebraic curve o : [O, l] --t R” with o(0) such that 1 f -‘o(t) n U 1 = w 
for all t E (0, 11. Let a : R” + R” be a semi-algebraic automorphism with a(O) = 0 
such that ao is the following path: 
[O,l]-tR”: t-(0 ,..., 0,t). 
If B is the ring of global sections of R” and h : B-t B is the automorphism cor- 
responding to a, then {gh(X,), . . ..gh(X.,)} is a 2-sided parameter system in A if 
g : B+ O,(U) is induced by f. Let g;=gh(X;). If we set 
M’= {ZE U 1 g,(z) = 0 ,..., g,_,(z) = 0}, 
then O,(U)/d(g,, . . . . g,_ I) is the ring of semi-algebraic functions on M’. Let g,, be 
the canonical image of g, in this ring. The image of g, in A/l/(g,, . . . ,gn_ I j is 
a-sided. x corresponds to a minimal prime ideal p of A/l/(gx) containing 
g, , Thus, there are not more than two minimal prime ideals in O,( U)/d(g,, . . . , g, 1> 
contained in p. But corresponding to the infinite fibres of M’+ R over (0, 11, in 
every neighborhood of x there are infinitely many such prime ideals, a contra- 
diction. 
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Using exactly the same technique we see that f is unbranched over 0 and maps 
a suitable neighborhood U’C U of x bijectively onto a neighborhood of 0. Let 
S( U’) = X, u *-. u X, 
be a simultaneous triangulation of f(U’), {0} with X, = { 0} such that f is trivial 
over each X, (Hardt’s Theorem). If f’: U‘+f(U’) is the restriction off, let U’= 
Y, U *.. U Y, be a simultaneous triangulation of U’, f ‘-‘(XI) (i= 0, . . . , t). Finally, 
let f(U’) =Z,U ... U Z, be a simultaneous triangulation of f(U’), f’(Y;) (i=O, . . . , u). 
Let Z,= (0). Let V be the star neighborhood of Z,, let W= f ‘-l(V). Then the 
restriction p : W+ V off is a bijective semi-algebraic map of an open neighbor- 
hood of x onto an open neighborhood of 0. Applying a semi-algebraic automor- 
phism of R” which leaves 0 fixed we may assume that V is a simplicial complex. If 
v, is proper, then p is an isomorphism. If v, is not proper, then there is an injective 
semi-algebraic path o : (0,l) + W such that PO can be completed, but o cannot be 
completed. This may be chosen such that ~(0, 1) is contained in, say, Yr and 
po(O, 1) is a straight line, say, Z,. If w. : [0, 1) + I/ is the completion of ~0, sup- 
pose that ~~(0) ~2~. Let Y, be the open simplex in W containing @‘(Z,). As 
before, we may assume that the plane determined by oo[O, 1) in R” is a coordinate 
plane, say the coordinate plane X1 = ... =X,-,=0. Working with O,(U)/~~j 
and B/d(X,, . . . , X,_,) we may assume that n = 2. Moreover, we may assume that 
the Zariski closure of Zz is the X,-axis. Y, is a l-dimensional open simplex. Let 
X’E Y1 be the unique generalization of x. Then x’ is a minimal prime ideal of 
O,(W) containing fi . Let y’~ .& be the unique generalization of 0. Then 4(x’) =y’. 
Since Z, is a face of exactly two 2-dimensional simplices, y’ has exactly two 
generalizations. By injectivity of (D, x’ has at most two generalizations. In fact, since 
Y2 fl Y, = 0, x’ has at most one generalization. Thus, x’ determines a minimal prime 
ideal pcA with CI, EP which has at most one generalization. This contradicts the 
2-sidedness of a,. 0 
Finally, we establish a connection between homogeneous 2-sided parameter 
systems and regular systems of parameters in algebraic geometry. 
Theorem 28. Let VCR” be an affine real algebraic variety, let x E: V be a simple 
point. If A is the local ring of V at x let al, . . ..a.Cm, be a regular system of 
parameters. If V is considered as a semi-algebraic space, let B be the local ring of 
x. Let p : A + B be the natural homomorphism. Then {&a,), . . . , q(a,)} is a homo- 
geneous 2-sided parameter system. 
Proof. Let C be the local ring of R” at x, Y : C-A the canonical homomorphism. 
By [19, Theorem 361, there is a regular system {c,, . . . , c,} Cm, of parameters such 
that ker Y=(c,.+,,..., c,), Y(c,)=ai for i= 1, . . . ,r. By [4, Theorem 8.7.11, 
c: u+ w:z-(c,(z),...,c,(z)) 
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is an isomorphism of an open neighborhood of x onto an open neighborhood of 
0 (where we interpret the ci as functions in a neighborhood of x). Thus, 
r/nvCuL Wpr’R’ 
(pr is the restriction of the projection R” +R onto the first r coordinates) maps an 
open neighborhood of x in I/ isomorphically onto an open neighborhood of 0 E R’. 
The corresponding homomorphism of the local rings in 0 and y maps the coordinate 
functions of R’ on a,, . . . , a,. In the local ring of 0, the coordinate functions form 
a homogeneous 2-sided parametersystem. U 
6. The fibres of open semi-algebraic mappings 
In algebraic geometry flatness or universal openness bring some regularity to the 
behavior of the fibres of a morphism [16; 17, Chapter III, § 9; 20, Chapter III, 8 
lo]. This is true, for example for the dimension of the fibres, for multiplicities (in 
the case of finite morphisms), the Hilbert polynomia1, the number of connected 
components of the fibres. In semi-algebraic geometry we do not have counterparts 
for all of these invariants. Of course, we also have the dimension of the fibres and 
the number of connected components of the fibres. Other invariants come from 
cohomoIogy, for example in the form of Betti numbers or Euler characteristics. We 
will see that, as far as the first two invariants are concerned, open semi-algebraic 
mappings are rather well behaved. However, concerning, for example, Betti num- 
bers the situation is arbitrarily irregular. 
Some of the results presented here are special cases of results in [26]. However, 
in the geometric case there are much stronger tools available and, therefore, the 
proofs are so much easier that it is worth recording them. 
Let f: M-N be a morphism of affine semi-algebraic spaces. If y f r;i then 
f-‘(y) is an affine semi-algebraic space over Q(Y). Let c(u) (d(y)) be the number of 
connected components (the dimension) of -?-i(y). 
Theorem 29. For r EZ, let 
c,={yEN\c(y)=r3, D, = {YEN j d(y) = t-1. 
Then C,, D, are constructible. (We define dim 0 = - 1.) 
Proof. This is an immediate consequence of Hardt’s Theorem. 0 
This should also be compared with the considerations in 18, Section 11. 
Theorem 30. If f is open, then d(y,) 2 d(y) if y, Cy. 
Proof. Using simultaneous triangulation and Hardt’s Theorem we triangulate N= 
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N, U ... UN, such that No is a semi-algebraic subset of minimal dimension in the 
ultrafilter belonging to y and such that f is trivial over each N;. Thus, y E fiO and 
y. ~fli for some i such that N, is a face of N;. Let La and L; be the fibres of f 
over N, and Ni. We must compare the dimensions of L,, Lj. Let o : [0, 1) 4 N 
be a semi-algebraic path with o(O) EN,, ~(41) C Ni. Consider the projection 
f’: [0, 1) x,M+[O, 1). The fibre in 0 is L,, the fibre over (0,l) is L;. By Corollary 
4, f’ is open. Thus, f’-‘(O) cf’-‘(0, l), i.e. dim f’-‘(O) < dim f'-'(0, 1) [ 111. Since 
dim L,, = dim f’-‘(O), dim L; + 1 = dim f’-‘(0, l), we see that dim L, 5 dim L;. Cl 
Corollary 31. The function 
d:&+Z:y-,d(y) 
is semi-continuous from below (i.e. for all n EZ, {y ( d(y)<n} is closed). 
Proof. By Theorem 29, {y 1 d(y)sn} is constructible. By Theorem 30, this set is 
closed under specialization. By [7, Proposition 11, it is closed. tl 
We start the discussion of connected components by looking at an example: 
Example32.(a)LetN=R,M={(x,y)~R2/x2=y2}.Iff:M~Nistheprojection 
onto the first coordinate, then f is open and, for all y EN, y#O, c(y) =2. But 
c(0) = 1. 
(b) Let N= R, M= R2 \ {(O,O)}, f: M+N the projection onto the first coor- 
dinate. f is open. For all y EN, y # 0, c(y) = 1. But c(0) = 2. 
The examples show that in order to get the same kind of behavior for the function 
c as we have for d, additional hypotheses are required. 
Theorem 33. If f: M-+N is proper and open, then C(YO)~C(Y) if YOCY. 
Proof. Consider the real closed space N’= {ye, y} [25’, Example V 2.111, set 
M’=J-‘(N’) and let f ‘: M’+ N’ be the restriction off Then f’ is proper [25, Pro- 
position V 2.271 and open (see [26]). By properness off’, the closed points of M’ 
are contained in f ‘-l(y). The specialization map spez : A4’* max(M’) onto the 
space of closed points [7, 221 therefore restricts to a continuous map 
0: maxf’-‘(ye)+maxf’-l(y). 
By openness off’, o is surjective. Since the connected components of maxf’-‘(yo) 
and max f’-‘(y) correspond bijectively with the connected components off ‘-‘(y,,) 
and f’+‘(y) [5, 221 we see that c(y,)>c(y). 0 
Theorem 34. If f: M+ N is quasi-finite and open, then c(y,) L c(y) for yoc y. 
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Proof. This follows easily from Hardt’s Theorem. 0 
With the same proof as for Corollary 31 we see 
Corollary 35. i'ff : Ad--+ N is open and eiiher proper or ~~asi-~~~~~e, then c : fl+ Z 
is semi-continuous from below. q 
Let f : M-+ N be a proper and open morphism. We have seen in Theorem 33 that 
c(y,>?c(y) if yocy. This may be considered as a cohomological statement. One 
might hope to find a similar relation between higher Betti numbers. However, no 
such relation is possible without additional hypotheses: 
Example 36. Let A+‘, N be complete semi-algebraic spaces, f: M--N a surjective 
morphism. Let E be the equivalence relation 
{((~,s),(~,~))E(M~OX(MX~) I(44 = Cxf) or 
1 = s = t and f(x) =1(y)} 
on Mxl (I= [O, 11). By [6], Z(f)=MxI/E, the mapping cylinder off is a semi- 
algebraic space. Let 71: Z(f) -+ I be the canonical projection. n is both proper and 
open. Let y E f be the generalization of 1. The cohomologies of 75-‘(y) and $‘-I( 1) 
are those of A4 and N [12, Theorem 4.21. It is clear that there need not be much con- 
nection between these cohomologies. 
7. Generic openness of semi-algebraic mappings 
In algebraic geometry the theorem on generic flatness [19, Section 221 says that 
under suitable hypotheses a morphism of schemes restricts to a flat morphism on 
some open subscheme. We will prove a similar result on openness for semi-algebraic 
mappings. 
Let f: M+N be a morphism of affine semi-algebraic spaces. We wish to study 
the following set: 
M, = {x E A4 / j;, : A& 4 Nfcxx, is generalizing). 
Theorem 37. M,, is open semi-algebraic. 
Proof. Let M, C&f be the set of points x such that f is open in x. We clearly have 
M,,CM,. (Note, however, rhat the inclusion may be proper. For example, if N= R, 
M= ((x,,.x2)fR2 / xIx2=Oj and f: M-tN is the projection onto the first coor- 
dinate, then (0,O) EM, \ MO .) Suppose that we have chosen embeddings MC Rm, 
NCR”. Then there are distance functions d,,, d/V on h4 and N. Then we have 
XEM, if and only if the following logicai formula holds: 
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(Note that dhl, dN and f are semi-algebraic functions.) This shows that M,CM is 
a semi-algebraic subset. We are done if we show that n/r, is the interior of M, . 
Since the restriction fy : hrl,” -+ N is open in every point of MP, fy is open. This 
implies that f,” is generalizing [26], hence MT CM,. Now pick XE M, \ My. By 
simultaneous traingulation and Hardt’s Theorem we find a triangulation N= 
Uj=,N, such that f(x)ENo andfis trivial over each N,. Let M= !JZoXj, XEX, be 
a simultaneous triangulation of M, M, , f-‘(N;) (i=O, . . . , r) and N= lJi=, Y; 
another simultaneous triangulation of N, f(X,) (i = 0,. . . , s). Suppose that f(x) E Yo. 
If Y, is a maximal open simplex (with respect to the face relation), then the restric- 
tion fi :f-‘( Y,) + Y, of f is open. Thus, Y. is a face of some other simplex. By 
choice of x there is a path o : 10, 1) -+ M with w(O) =x, ~(0, l)CM \ M, . We may 
assume that ~(0, I)cX, andfo(0, 1)C Y, for some i= 0, . . . , t. Let UCM be the star 
neighborhood of X, . We know that Y, is a face of Y, and f(X,)> Y,. Since 
X, c M \ M, , there is some simplex Yj, maximal with the properties that Y,C r; 
and f(U) fI Y,=0. Let xi E (~(0, l))- be the generalization of x. Let y2 E f; be a 
generalization of f(x,). Assume by way of contradiction that there is some gener- 
alization .q of x1 with &x2) =y,. Then x2 E iinJ-‘(pI), i.e. ofIf-‘( &2f +0. This 
implies Un_f-‘( Y,) #0 by the bijective correspondence between semi-algebraic 
subsets of M and constructible subsets of fi 19, Section 51. Thus, we have a con- 
tradiction, and yx is not generalizing. 0 
There are a couple of immediate eonse~uences: 
Corollary 38.1-f: I@- I? is generufizing in x E iii, then there is some open neighbor- 
hood ~CL@ of x such that f: ii-+ N is open. 0 
Corollary 39, If c=f(M \ MO), then C has empty interior in N. In part~~~~ar, 
dim C< dim N. 
Proof. Assume that there is some open semi-algebraic subset UC C, U+0. Pick a 
simultaneous triangulation N= u;= 1 N, of N, U such that f is trivial over each N,. 
Since U is open and nonempty, there is some maximal open simplex N,c U (with 
respect to the face relation). But then f-‘(N,) * Ni is open and we see that 
f-‘(N,)cMo, i.e. N,fl C=0, a contradiction. fl 
Coroilary 40. MO is empty if and only if f(M) has empty interior. 0 
It is interesting to note that MO has no obvious description by a logical formuIa. 
That M, is semi-algebraic was essentially proved by use of the Tarski principle 
from the fact that M, is semi-algebraic. That M, is semi-algebraic can be written 
Open locally semi-algebraic maps 169 
down explicitly through a logical formula. So, from this point of view, M, is easier 
to handle than MO. On the other hand, M, has much nicer topological properties 
than M, : MO is open whereas M, needs not be open or closed. 
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